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In recent decades, muon imaging has found a plethora of applications in many fields. This technique succeeds to infer the density distribution of big inaccessible structures where conventional techniques cannot be used. The requirements of different applications demand specific implementations of image reconstruction algorithms for either multiple scattering or absorption-transmission data analysis, as well as noise-suppression filters and muon momentum estimators. This paper presents successful results of image reconstruction techniques applied to simulated data of some representative applications. In addition to well-known reconstruction methods, a novel approach, the so-called µCT, is proposed for the inspection of spent nuclear fuel canisters. Results obtained based on both µCT and the maximumlikelihood expectation maximization reconstruction algorithms are presented.
This article is part of the Theo Murphy meeting issue 'Cosmic-ray muography'.
The maximum-likelihood expectation maximization technique
The MST technique is based on multiple Coulomb scattering of cosmic muons. Charged particles, such as muons, are deflected and slowed down by crossing a target volume. The deviation angle projected on a plane passing through the incoming muon direction has a distribution which is approximately Gaussian for particles of the same momentum, with zero mean and a root-meansquare (σ ) which is a function of the muon momentum p, of the material thickness X and of the radiation length X 0 according to the formula [29] : σ ≈ 13. 6 MeV pc
where c is the speed of light and the particle momentum unit is MeV/c. Measuring the deviation angles allows one to obtain information about the radiation length (or its inverse, the Linear Scattering Density (LSD), λ = 1/X 0 ) of an unknown material. Given the latter variance, and assuming a Gaussian probability density function for the scattering angles θ i of 
the MLEM is a powerful technique that attempts to find the parameter values, i.e. the LSD for each voxel of the inspected volume, that maximize the likelihood function, given the observations of the scattering angle and displacement of the muon collection [30, 31] . The large number of variables in the likelihood requires a high number of iterations for the algorithm to converge. Moreover, the statistical distribution of the scattering variables is heavily non-Gaussian for the broad momentum spectrum and the momentum of an individual particle is in general unknown. Therefore, the average value 1/p 2 of the momentum distribution is usually used in the MLEM algorithm, resulting in poorly reconstructed images, unless muon momentum is measured or estimated with other techniques, as will be explained in the following sections.
Scrap metal inspection
Scrap metal has been reused since the early ages of metal working, as recycling metal is extremely effective from both an environmental and economical standpoint. The metal recycling industry specializes in retrieving metal from obsolete objects to be converted into raw materials in foundries. Steel companies are confronted each day by the possible presence of radioactive materials in scrap, often in the form of shielded radioactive 'orphan' sources used, for example, in manufacturing operations or in hospital equipment. The radioactive sources are usually shielded by heavy metal casks (which are typically a few litres in volume) and are therefore not detected by the usual radiation portals. There have been hundreds of incidents worldwide of radioactive material becoming incorporated into metal products, resulting in metal contamination and a very expensive clean-up of the foundry itself. Muon tomography applied to the inspection of scrap metal cargos at the entrance of foundries therefore presents a promising solution. This application requires:
-the capability to identify high density objects of the order of 2-5 l hidden among hundreds of cubic metres of low-density scrap metal; -fast object detection (approx. few minutes timescale), in order to have a minimal impact on the queuing schedules of the steel mill facility; and -optimal signal identification versus false positive alarms ratio.
We have investigated the effectiveness of muon tomography for detecting heavy shielded radioactive sources in scrap metal using a full-scale simulation of a muon portal for inspection, and reconstructing the images with the MLEM algorithm. A proper image filtering technique and the particle momentum estimation based on the muon trajectory behaviour inside the detectors is applied in the analysis.
(a) Simulation
A full-scale portal of dimensions 18 × 5 × 6 m 3 has been simulated with the GEANT4 package [32] . A sketch of the portal is shown in figure 1 . The detection system is composed of four muon detectors of length of approximately 15 m: two horizontal detectors located above and beneath the container, and two lateral vertical detectors. The muon detector is designed as an assembly of modules to ease the construction, installation and maintenance, called super layers and composed of eight layers of drift tubes. Two super layers, one on top of the other and with tube axes rotated by 90 • , compose one complete detector. Drift tubes each have a radius of 2.5 cm. The experimental error is accurately described in the simulation. The truck support is composed by an array of low-density material as timber wood beams to minimize the multiple scattering of the muons. A truck model with a scrap metal container of dimensions 6 × 2.6 × 2.5 m 3 and iron walls 5 mm thick is located inside the portal. Scrap metal has been generated as a collection of small iron blocks of random density between air and iron density value. The overall density average is 10% of the iron density, consistent with the measured value of fine-grained scrap metal of a real container. The radioactive source is simulated with a lead block of 2 and 5 l, roughly corresponding to the typical source shield density. The cosmic muon flux is simulated with a function fitting cosmic ray data at different zenith angles [33] .
(b) Image reconstruction
The reconstruction of the three-dimensional distribution of density is performed with the MLEM algorithm. The input data of the likelihood function are the simulated incoming and outgoing muon trajectories projected on two orthogonal planes passing through the incoming direction. The scattering variables in the two planes are uncorrelated, and both the angle and the displacement are considered in the reconstruction. The tracks are computed with a straight line fit of the hits recorded in the drift tubes of muon detectors. The muon track distance from the anode wire of each tube is calculated using the signal drift time and a proper space-time relationship. The volume containing the truck to be inspected is divided into voxels (three-dimensional pixels) of homogeneous density. The edge of the cubic voxel is 5 cm and 7 cm, respectively, for the 2 l and 5 l Pb block. The algorithm performs a ray-tracing to find the voxels of the collection crossed by the most probable path of the muon, following the broken line from the incoming point, to the Point of Closest Approach (i.e. the mean point on the minimum distance segment between incoming and outgoing direction), ending at the exiting point.
Images are filtered with a αβ-trimmed filter [34] . This filter discards the voxels with uppermost and lowest density in a defined three-dimensional window (mask) of each voxel, and replaces the voxel density value with the Gaussian mean value computed with the remaining voxels. Figure 2 compares different kinds of filters. The α-trimmed filter is particularly effective since in this application the noise appears with impulsive components deviating from usual Gaussian distribution.
(c) Momentum estimation
A coarse determination of muon momentum is crucial for good MLEM algorithm results. Indeed, the scattering angle variance depends both on the muon momentum and the material radiation length (see equation (2.1)). For cosmic rays, the value of p 2 can vary by a factor of 10 4 . Therefore, neglecting in the likelihood the exact value of the muon momentum and replacing it with the average 1/p 2 produces large fluctuations since low momentum muons can have large scattering angles mimicking the crossing of dense materials.
We estimate the momentum of the muon by means of the scattering in the detectors' material. As shown in figure 3 , the trajectory fit residuals are larger for the low-momentum path. correlation of the average χ 2 of the trajectory fit with the muon momentum value available from the simulation is shown in figure 4a . Therefore, we divide the muon sample into five classes according to the average χ 2 -value, and for each class the quantity 1/p 2 is computed from simulation momentum values (figure 4b) and used in the reconstruction likelihood.
(d) Source identification
The presence of a radioactive source candidate is confirmed if the density sum of a set of voxels is greater than a given threshold. Statistical analysis of efficiency and false alarm rate is performed. For each source size, and for each inspection time, hundreds of independent datasets are analysed. The percentage of false alarms (FA) and the percentage of missed sources (MS) are computed as a function of the threshold value, and plotted on the same graph as the efficiency, i.e. 100%-MS (dotted line) and 100%-FA (continuous line). When a crossing between the dotted and the continuous line ordinate is less than 100%, a threshold range achieving both 100% efficiency and 0% of false alarm does not exist. Figure 5 shows the 5 l source identification graph on the top, and the 2 l graph on the bottom. Results are summarized in table 1. The inspection times for reaching 100% efficiency and less than 1% of FA are 4 min for a 5 l shielded radioactive source, and 6 min for a 2 l source. Our results show that a portal based on muon tomography can achieve the identification of one of the smallest shielding sources present in the market in a time that meets the requirements of the steel industry.
Blast furnace imaging
The cosmic muons tomography techniques we developed for scrap metal cargo inspection have made great advances by means of the study of a larger and denser system: the blast furnace (BF) [4] .
The objective of this project is to assess the capability of MST to produce three-dimensional images of the distribution of material density present in the blast furnace burden during operation processes. The collected information could be used for process optimization; for example, reducing the coke consumption. At present, no other available technique is known to be suitable for this purpose. The industrial requirements concerning a BF inspection are the following:
-to design a detector capable of determining the layer structure of the burden materials distribution, the properties of the cohesive zone-like shape, position and thickness, the hearth condition as the dead man situation and the level of slag/metallic melts; -to resolve different materials as ferrous and coke, despite their modest density change; and -to be able to handle the phenomena changing over time, i.e. the furnace internal material drop from the top to the bottom, which is of the order of approximately 8 h.
A full-scale Monte Carlo simulation is implemented for this purpose with the GEANT4 toolkit. The simulation is capable of tracking the cosmic muon trajectories through the BF and to collect and produce all relevant information regarding particle hits on muon detectors. The simulation includes:
-a generator of muons from cosmic rays with the correct particle, angular and momentum distribution of the muon shower on the Earth surface; -a complete description of the geometry and material composition of the structure of a typical 40 m tall blast furnace;
. -the modelling of the dimensions and positions of the muon detectors as sensitive media able to recognize the crossing of ionizing particles, recording hit coordinate and kinematic quantities; and -all the physical processes for the interactions of muons and secondary particles in the transport through different volumes and materials: the energy loss by ionization, the delta-electron emission, multiple scattering, Bremsstrahlung radiation, nuclear interactions and muon decay.
(a) Realistic detector
Simulated data are reconstructed with the MLEM algorithm. The tomographic image shown in figure 6b is obtained with 1 h data and assuming perfect knowledge of each muon's momentum. The image is outstanding if compared with the model image in figure 6a , obtained with GEANT4 information of the linear scattering density of the simulated geometry materials.
As shown in figure 6 , the detectors have complete coverage of the BF (the detectors are approx. 40 m in vertical length). Such a set-up would be impossible in terms of total cost, weight and its unwieldy nature. Practically speaking, only a small portion of the furnace would be imaged at any one time, by using two or more detectors of some reduced size. We propose to place two detectors of 5 × 5 m 2 surface area (both at the same vertical position) around the BF. With this horizontal set-up, sketched on the left of figure 7 , the best images can be produced since muons travelling in both directions are collected, and the track density in voxels is symmetric even if closer in proximity to the furnace axis. Moreover, the horizontal set-up selects muons which have crossed a shorter length of the BF material, resulting in smaller momentum loss. 
Figure 8. BF images reconstructed using the real detector set-up as described in the text. The muon momentum used in the MLEM algorithm is set to the true momentum smeared with a Gaussian-distributed random term. From top-left to bottom-right, the momentum has an error ranging from 0 ( ln(p) = 0) to 50% ( ln(p) = 1).
is arranged to preferentially image the region with higher density rings, which corresponds to the cohesive zone and the structure of the layers of coke and ore as shown in figure 7 .
Reconstructed images obtained with a model of a realistic detector using the MLEM algorithm (assuming true muon momentum) are shown in figure 7 . The images are projected on the side view plane (centre) and on the horizontal view plane (right). The central part of the BF is correctly reconstructed: the higher density ring of the cohesive zone is clearly visible and the dead man zone is reconstructed with a very low average density. However, using fixed muon momentum results in a very poor image reconstruction.
(b) Momentum measurement
As described in §3c, an estimate of the muon momentum is crucial for good MLEM algorithm results. To quantify the required muon momentum precision, we perform several BF image reconstructions using the true momentum smeared with a random Gaussian-distributed term to simulate the measurement error. The images in figure 8 are obtained with six different momentum spreads. The images show that a precision up to 50% of the momentum value ( ln(p) = 1) is sufficient to produce clear images of the furnace interior structure.
It is found that the muon detectors will be required to measure the muon momentum with a minimum precision of 50%, in addition to measuring the muon position and direction. We propose to use the basic equation of the multiple coulomb scattering to infer the muon momentum from a measurement of the variance of the scattering angle σ 2 φ when X/X 0 is known as Our detector design foresees the measurement of the muon position in sensitive planes of drift tubes, and the measurement of the muon momentum through the proper quantification of the muon scattering in iron plates of constant and known thickness inserted in between. A sketch of the detector is shown in figure 9a . It is built with six layers of drift tubes of radii 2.5 cm. Three iron plates of thickness 4 cm are interposed. Drift tubes measure the distance of the muon track from the tube axis with very good precision, typically 300 µm and down to 50 µm. The longitudinal coordinate along the tube axis is measured with a poorer precision of the order of 10 cm. In order to infer the momentum measurement precision for this detector set-up, we compare the momentum value obtained from scattering information with the true momentum value available from the simulation. The procedure is described as follows. For each muon, a combination of the values of the scatterings in the iron plates of the two detectors is computed and the scattering momentum is obtained from equation (4.1). The scattering momentum distribution of the muon collection is divided into intervals. For each interval, the scattering momentum average (p scatt ) and the true momentum average (p) are compared. The RMS of the logarithm distribution of the true momentum versus the logarithmic of p scatt is shown in figure 9b . The graph shows that for a detector precision of 300 µm the momentum is measured with good resolution up to 6 GeV/c, and for a precision of 50 µm the momentum is measured with good resolution up to 40 GeV/c. Higher muon momentum manifest scatterings that are smaller than the measurement error, and thus are not measurable.
Images are reconstructed with the MLEM algorithm, and for each muon the p-value of the corresponding p scatt interval is assigned. Figure 10 compares the projection of the images on the horizontal plane, reconstructed using the true momentum (a) and the measured momentum of a detector of 50 µm resolution (b). A dataset corresponding to 4 h in the first row, and 2 h in the second row, is used. The images obtained with measured momentum show a very good quality contrast of the cohesive zone ring and ore-coke layers, even if few hours of data-taking are considered. hours of muon data using a static furnace geometry (i.e. where the ore and coke layers do not descend with time). In order to obtain realistic results, we simulate the 'burden drop' using a mixture of muon datasets. For each dataset, the muons interact with a different furnace model having the layers shifted downward by 25 cm. The tomographic reconstruction images of the mixed sample do not show any structure even using the true momentum ( figure 11, first row) , unless the information regarding the descent velocity of the material is considered. Indeed, satisfying images are reconstructed when the muon impact point on the furnace is shifted upwards by the same amount corresponding to the material drop, as can be seen in the second row of figure 11 . In real life, if the velocity is not precisely known, several images can be produced using different velocity values. The sharpest image will show the internal BF structures, and will also give a measurement of the descent velocity. This method appears quite robust against velocity value precision, as can be seen in the last row of figure 11 , where the BF structures are still visible in both projections even with a 50% error on the velocity value.
Canister spent fuel bar detection
The inspection and verification of heavy shielded spent nuclear fuel (SNF) containers in case of loss of continuity of knowledge is a challenging task, which is becoming of increasing interest for the storage facilities around the world. The minimal requirement for potential verification techniques is the detection of the absence of significant quantities of nuclear material (such as fuel bars). In this vein, muon tomography techniques are emerging as a promising candidate [23] [24] [25] [26] 35] .
Here, we develop an absorption-based algorithm, which is novel and gives promising results for the detection of missing SNF bars in storage canisters. A brief description of the algorithm is given in §5b and the corresponding results are presented in the following sections. Preliminary results only are presented hereafter since a dedicated analysis is still ongoing. From top to bottom: in the first row no drop information is considered; in the second row the exact velocity information is used in the reconstruction; and in the third and fourth rows the velocity uncertainties of 25% and of 50% are added, respectively. The true momentum of each muon was used in the reconstructions.
for full coverage. Figure 12a shows the cross section of the canister design, and figure 12b shows the cross section of the canister and the surrounding detectors as implemented in the GEANT4 simulation. The cosmic muon flux is implemented in the simulation, and all required physics processes for the transport and interaction of the particles throughout the canister (multiple Coulomb scattering, ionization, Bremsstrahlung, pair production, etc.). We simulate data using a canister with complete fuel loading, and with one or two missing fuel bar(s). Datasets, both with no experimental error and with Gaussian errors due to detector precision, are generated. For each set-up, we generate 60 million muons (corresponding to 12 h of data-taking). Two imaging techniques are used to present preliminary images of the CASTOR@21 container: the muon transmission and the MLEM algorithm. In the first case, the number of muons entering and exiting the castor is recorded in each voxel along the muon path (transmitted muon density). The final image is obtained as the difference between the complete castor transmitted muon density and the castor with a missing bar density, as in figure 13a . Although the image shows the location of the missing bar, it is not trivial to infer a meaningful physical quantity correlated with image density scale. In figure 13b , the image obtained with the MLEM algorithm is shown. In this case, one day of data-taking and perfect knowledge of the muon momentum are necessary to obtain a clear image, and the image density scale is correlated with the product of the density and the average Z of the materials. As the transmitted muon density image gives promising results, we pursued the development of a completely novel algorithm (as described in §5b) based on each voxel of the imaging volume (in GeV cm −1 ), which is related to the density of the material:
The details of the algorithm are given as follows. The volume to be reconstructed is divided into a collection of voxels, and each voxel is initialized with a zero value of the stopping power: dE/dx voxel = 0 . As regards LoR definition: the cylindrical lateral surface of the canister is ideally divided into pixels. Every pair of pixels makes up an LoR, i.e. LoR = (pixel IN , pixel OUT ). Each muon of the collection is assigned to an LoR if it enters pixel IN and it exits from pixel OUT . If the muon is absorbed while crossing the castor, the projection from the in-going direction to the canister lateral surface is computed and the pixel OUT intersected by the projection is considered. No scattering information is employed in this algorithm, except for rejecting the events whose exit point is too far from the in-going direction projection.
For each LoR i , the following data are recorded: the number of total muons entering N i in , the number of absorbed muons N i stop . The LoR ray-tracing is performed from the middle position of pixel IN to the middle position in pixel OUT along a straight path and the set of the crossed path in each voxel x i j (where i = LoR index, j = voxel index) is allocated for the LoR. After this initialization step, the algorithm procedure is iterative. At each iteration k, the following calculations are carried out: 
(c) Results
The images are reconstructed with the µCT algorithm using 1-12 h of cosmic muons data-taking, and they are smoothed with an anisotropic Gaussian filter in order to exploit the extended degree of translational invariance of the canister along the vertical direction. The results are rather good: it is possible to obtain acceptably clear three-dimensional images of the stopping power of the inspected material using 12 h of data, as shown in figure 14b . Moreover, the stopping scale values of the reconstructed images are in good agreement with the model shown in figure 14a . The GEANT4 model image is obtained by computing for each voxel the average of the energy loss of the muons crossing it; these values are available via the GEANT4 tracking routines. Figure 15 shows the time evolution of the reconstructed images: the cross-section image obtained with an average over the horizontal slices in the vertical range including the fuel bars is shown. In figure 15a , data used in the reconstruction corresponds to 1 h of time. In figure 15b , 12 h of data are processed. Although the image in (b) is better defined, the missing bars can also be clearly identified in image (a).
A realistic detector response is simulated as well. The detector modelled in the simulation is assembled with eight layers of drift tubes each of 2.5 cm radius placed vertically, for a full canister coverage, as shown in the sketch of figure 12 . The front-end electronics for detector readout are placed at both tube ends for a twofold reading of the tube signals to allow vertical coordinate measurement. In the horizontal plane, the track position and trajectory are measured from its straight-line fit. The vertical coordinate is measured from the difference of the two tube ends' signals reading. The position resolution is approximately 300 µm in the horizontal plane and approximately 20 cm in the vertical coordinate. The reconstructed images with and without experimental error are shown in figure 16 for 12 h of data-taking. The cross-sectional image obtained with an average over the horizontal slices using simulated data with the described experimental error are very clear, and the missing bars can be clearly identified. 
Conclusion
The successful results of muon tomography techniques applied to different types of simulated applications are presented in this paper. An appropriate algorithm is applied for each application. Our results show that a muon tomography scanner for cargo containers loaded with scrap metal fully meets the requirements of the steel industry. As shown using the MLEM algorithm with muon momentum estimation, it is possible to detect in approximately 4 min a 5 l shielded radioactive source, with 100% efficiency and less than 1% of FA. The required time increases up to 6 min for a 2 l source. Applied to imaging of a blast furnace, muon tomography is shown to give meaningful images by using a realistic detector 5 × 4 m 2 wide (including iron plates for muon momentum measurements) of the cohesive high-density zone and of the ore-coke layers in 2-4 h of datataking. The images are obtained with the MLEM algorithm using the muon momentum measured by the detectors, and data are simulated considering the detector experimental error and the dynamic evolution of the furnace burden drop. This is valuable information in order to optimize the furnace process and decrease the fuel burning.
The canister inspection for the detection of missing SNF bars is used to probe our novel algorithm µCT based on muon tomography absorption. The results are excellent: a few hours of simulated data of cosmic muons crossing a CASTOR@21 canister detected by a realistic detector with experimental resolution are sufficient to spot the missing fuel bars. 
